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THE LAW OF EXPONENTIAL DECAY
FOR EXPANDING TRANSFORMATIONS OF
THE UNIT INTERVAL INTO ITSELF
BY
M. JABLONSKI

ABSTRACT. Let T: [0,1] — [0, 1] be an expanding map of the unit interval and let
£.(x) be the smallest integer n for which T"(x) € [0, €]; that is, it is the random
variable given by the formula

§.(x)=min{(n: T"(x) < &).
It is shown that for any z > 0 and for any integrable function f: [0,1] = R™ the
measure p, (where p is Lebesgue measure and . is defined by du, = fdp) of the set

of points x for which £,(x) < z/e tends to an exponential function of z as ¢ tends to
zero.

1. Introduction. Denote by p Lebesgue measure and by L' the space of all
integrable functions defined on [0, 1]. Let f: [0,1] = R™ be an integrable function
with || f|| = f4fdp = 1. Denote by p ; the measure with density f; that is,

u(A) = [ 7

for all measurable sets 4.

In [1] A. Lasota and J. A. Yorke have proved that for any expanding transforma-
tion T: [0, 1] — [0, 1] there exists a constant o such that for any smooth function f:
[0,1] = R* such that [jfdu = 1 and for any z > 0

lixr(l)Fe(f, z/e)=1—e %,

where F.(f, 1) = p{x: §,(x) < 1}, £,(x) = max{n: TK(x)< 1forallk =0,1,..., n)
and T, = (1 + ¢)T. Using some generalizations of this theorem it is possible to
explain some interesting physical and biological phenomena (see [10, 17]). The
Lasota-Yorke Theorem is related to the family of transformations 7. It is quite
natural to ask if the same kind of behavior, exponential decay, may be observed in
dynamical systems governed by one transformation. The aim of the present paper is
to give a partial positive answer to this question. It is interesting that this new
problem requires also a new and more complicated technique. In our theorem we put
T, = Tinstead of T, = (1 + ¢)T and we define £, by the following formula:

¢.(x) =min{n: T"(x) < ¢).
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108 M. JABLONSKI

To prove this theorem we show that the function F(z) = lim,_,F.(f, z/¢) is a
solution of the linear differential equation F'(z) = 0 — oF(z).

In §2 we state the main theorem. In §3 we prove some necessary lemmas and the
theorem. In the last section we state final remarks.

2. The law of exponential decay for expanding transformations. Let 0 = a, < a, <

- < a, =1 be a partition of the unit interval and let T: [0,1) — [0,1) satisfy
the following conditions:

(i) For any i (i = 1,..., m) the restriction 7, of T to the interval [a;_,, a;) is a
bijection of class C? which can be extended to a function of class C? on the closed
interval [a,_,, a;].

(“) ]-;'(ai—l) = 0’ T;’([ai—l’ ai)) = [0’ 1) = 1»29- ey M.

(iii) s, = inf(T") > 1.

It is well known that for such a transformation T there exists an absolutely
continuous measure » invariant under T (i.e., »(T '(A4)) = »(A) for each measurable
A) with density g, (see [3, 4]) satisfying

(1) l/c<g <c

for some ¢ > 0. Moreover, g, is continuous (see [8]).
Put o = g,(0)(1 — (77')(0)). We have the following

THEOREM 1. If T: [0,1) — [0,1) satisfies condition (i)—(iii), then, for any nonnega-
tive f € L' such that || f|| = 1 and for any z > 0, we have
limF(f,z/e)=1—e %,
e—0

where F.(f, 1) = p{x: §(x) < 1}.
REMARK. It is easy to see that

Efot) =y U T0([0,e]).

sn<t

Therefore, the thesis of Theorem 1 may also be expressed by the formula

nmuf( U 7o, e])) 1
e—0 Osn<z/e

3. Auxiliary lemmas and proof of Theorem 1. Let T: [0,1) — [0,1) be a
measurable nonsingular function, i.e., if 4 is measurable, p(4)=0 implies
1(T~'(4)) = 0. Given T, the Frobenius-Perron operator P,: L' — L' is given by the
formula

(P =g [, f)ds

The operator P is linear, continuous and satisifes the following conditions:
(a) Pris positive: f > 0 = P.f > 0.
(b) P preserves the integral

[Prfdn=["van, ser.
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(c) Pr» = P7, where T" denotes the nth iterate of T.

(d) Prf = fiff the measure dv; = fdp is invariant under T.
(¢e)Foranyf € L' and forany g € L*®, [)g - Prfdp = [j(g°T)fdp.
We also have the following

THEOREM 2. If T satisfies conditions (i)-(iii), then there exist constants K > 0,
C > 0 and 0 < s < 1 such that for any nonnegative function f with bounded variation
on [0, 1]

I
@) i sl <K v -+ i)
where V(') denotes the variation of f over [0, 1].

The proof of this theorem is given in [S].

Let T satisfy conditions (i)—(iii) and let Q, denote the nth Cartesian product of
the set (1,2,..., m}. Foranyi € Q, =(1,2,..., m} and any (i, i,..., i,) € Q, put
o, =T "¢, . =@-° - °¢ andd, =g  ([01).Itis obvious that
A, . are intervals, their end points form the partition corresponding to the
transformation 7" and

Ipaeeondy

( T'|a,. ~-',)_I = Qi

LEMMA 1. There exists a constant M such that for every r > 0 and every (i}, i,,...,

II‘)E Qr

! P
(3) Vigog, ,———|<M.
0 l“M’”(Ai,,...,i,.)
ProoOF. For some constant L we have
(P;. ..... i,(x)
(4) — I L
Pi.. ... i,()’)

whenever x, y € [0,1), r > 0 and (i},..., i,) € Q, (see [7]). Since V(')gy < o0 (see
[2]) and

\1/ (P;, ..... i,| < \l/

o, su
0 gv q)u,u.,l,v(Ailwqir) < 0 gv p
to prove the lemma it is sufficient to show that there exists a constant M, such that
for every r > 0 and every (i, i5,...,i,) € Q,

‘Pfl,.“,i, +( )\l/ ;.,..4,1',
(o, ) BN, L)

iy

|9,
5 b, )M
( ) tes[u(?,l) V(A,, ...i,) =
and
T
(6) X V(A,', ,,,,, i ) <
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By the mean value theorem there exists § € (0, 1) such that
(7) ”(Ai....'.t‘,) =q);|,...,i,(0)°

Thus, by (1) and (4) we obtain (5).
We have

‘P;,,...,i,
V(Ailvu-’})

and, moreover, by the assumptions on T

(8)

1
\%
0

r 7
Pl = (l_llqvf, ... )

=

r Jj—1 ’
= El(pl:IIq#;%, ..... ,-,,_,)(qo,‘,’°¢>.~, ..... )P ,,_,(pglwp%‘

r (@)oo o
= ) .

j=l_[|q)’j P ""jgl PP,

) 7, | sup ¢}’

<l(pi,,...,i, jgl infq’f, | By i/_,|
-1 r )
<lof,.ofsup|( sup o) inf gf) | X s5”
J x€[0,1) x€[0,1) j=1
<I‘P;,,...,i,|M2
for some M,. Therefore, by (1), (4), (7) and (8) we have
! q’;,,...,i, 1
X ”(Ai.... :)sCF(A" ")sz Iq)" 98
P, .
< oMy | s < oM, L.
0| P ..i,(o)

This ends the proof of the lemma.
For T satisfying conditions (i)-(iii) we define n(i,,..., i,, ¢, €) by

v(4,. . N T([0,€]))

= V(Ai,,...,i,)p([o’ e]) + V(Ai,,.u.i,)”([oa e)n(iy,....inq,e).

It is well known that the transformation T is mixing; that is,
lim »(4A N T "(B))=v»(A)v(B)

n—o0
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whenever 4 € [0,1) and B C [0,1) are measurable. The following lemma gives us
an estimation of the rate of convergence of the sequence »(A4 N T~ "(B)) with
A=A, ,andB=][0,¢]

LEMMA 2. There exists K > 0 and 0 < s < 1 such that for q > r,

max{|n(iy,..., i,,q, €)|: (i...,,) € Q,}Ks?™".
PRrROOF. By simple computations we obtain

©) Prf= X flo. )l

From (e) we have

V(Ail"“'ir n T_q([Ov 8])

where 1, ; and 1y, denote the characteristic functions of the intervals 4, ; and

Sy

[0, €], respectively. Therefore

p(a,. . 0T (0,e]) - »(a, ([0, )|
=U0'Pﬂ(g"1,-h Lo, dit — /“V ‘‘‘‘ [Otlgyd,l’
<f0"1[0,e,(P7‘1 gl..) — g (8, ) |de

<p([0,e]) sup |P(g1,. ,)-sr(a, )|
x€[0,1)

(10)

Moreover, by (9), the definition of ¢, and the definition of 4;  ;, we obtain

(11) Pr

gvli|,....i, _ gv(q)i|....,i, vesdy
V(A- ) - ”(Ai...wi,)‘

[ RS i,

Since

|P7‘l g” i ) 8V (A ,i,)

and
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by (d), (11), Lemma 1 and Theorem 2 we have, for some M > 0 and s € (0, 1),
Sup‘Pﬁ(gvli,....,i,) - gvV(Ail,m,i,)
gl ., ) ~ )
V(Ail....‘i,) i

! ( g;(‘Pi,,...,i,)l‘P;,....,i,

+C

SV(AI'. ..... i,)sq-r \0/ I'(Ai,,”.,i,)

<v(d, )M+ C)s.

This, (1) and (10) give us the thesis of the lemma.
For the sake of convenience, set 4; , = A,, wherew = (i},..., i) € 0,.

LEMMA 3. If T satisfies conditions (1)—(iil), then, for every ¢ € (0, 1), the measure v
of the union of the intervals A, such that

O r4()na, =0
k=0

tends to zero geometrically as r — p — o0; that is, there exists a constant M indepen-
dent of p, € and r such that, for r > p,

ST n(Ay) < Msp

k=0Aa,nT*(e)=0

PROOF. It is obvious that A, . N T *(e)) = 0iff e T*(A, ,)=4, ,
and, moreover, T*(A;, . )=T*4, ,)iffi,=j.....i,_, =j_,. Hence, since
A iy 2T disjoint sets, there exists wy = (i{,..., i_;) € Q,_, such that A,
NT*e)) = @ iff iy =i,...,0,_, =i}, that is, &,  NT*(e)) = @ iff

T*(4, . ,)=A,, Therefore
m
U Aw = U q)i,AkH,..A,i,(Awo) = T-k(Awo)
A NT *(e)=0 pganneon =1

;) < 55" and A, are disjoint sets, by

..... iy

and, consequently, since T preserves », (4,
(1) we have

T (8, =(TH8,,)) = v(A.,) < aulAy,) < est
A, NT*(en=0

This implies the thesis of the lemma.

Put B(i,e)= T7'([0,¢]) and A(k, p,e)= U B(i,e). Let the function
R(p, q, €,) be given by the formula

»(A4(0, p, &) N B(g,¢,)) = »(4(0, p, &))v ([0, &;]) + R(p. g, &)7([0, &, ]).

An estimation similar to that of Lemma 2 is given in the following.
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LEMMA 4. For T satisfying conditions (1)—(iii) there exist constants M and 0 < 5 < 1
such that, for p < q and ¢, € (0, 1), we have
|R( P9, 82)' < Ms(q—p)/2'

PROOF. Let r be a natural number such that p < r < ¢ and let E, be the union of
the intervals A, such thatd; . C A(0, p, ¢); that s,

E = U A
4. i, CA0,p.€)

N

We denote by E, the union of the intervals 4; ; such thatd, . N A0, p,¢) =
@ and A, . € A0, p, g). It is obvious that for every 1nterval A _;, from the
union E,, there exists n < p such that A, . NT7"(e))+ @ and ‘moreover, by
Lemma 3

(12) v(E,) < Ms§™"

for some M independent of p, r and ¢,. Since E, N E, = 0, forw € Q,, we have

l”(A(O’ P, 81) N B(q’ t‘:2)) - V(A(O’ P 8l))”([()’32])|
= ‘V(El N B(q,¢,)) +v(E, N A(0, p, &) N B(q,¢,)) —»(E))»([0,¢,])
"V(Ez N A0, p, ¢))»([0, 52])'

=| Z »(A,nBg. &)+ T #(A, 040, p.&) N B(g.¢,)
A, CE, ALCE,)

= X r(a)r([0,]) - X #(4, nA(0, p,e))r([0, &)

A,CE, AL,CE,

< E V(Aw)"([oaezl)ln(w’q’52)|+ Z "(Ame(‘l,az))

A,CE, A,.CE,

+ X 2(8,)7([0.5,])

ALCE,

< maxfn(w, ¢, &)p([0.6]) X »(8,)+ L »(8,)r([0.e,])

A,CE; A, CE,

+ Z ”(Aw)”([o’82])|71(W,4»52)|+”([0’32])”(1":2)

A,CE,

< ‘Ivneagrln(w, 4, &) ([0, &,])v(4(0, p, &) + 2v(E,)v([0, &,])
+ :“éag In(w, g, &) v (E;)» ([0, e,]).

Hence, putting » = max{n < (¢ + p)/2}, by Lemma 2 and (12) we obtain the thesis
of the lemma.

It 1s obvious that, for T satisfying conditions (i)-(iii), the sequence ¢’(a,) is
decreasing and ¢7(a,) > 0 asn — oo. Fore < a, put

u(e) = max{n € N: ¢"(a,) > ¢}.
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LEMMA 5. For any p > u(e) + 1 we have
V(A(O’ pt 1, 8)) - V(A(Os D, 8))
= [#([0, ¢]) = » (@, ([0, e])][1 = »(4(0, p — u(e) + 1,¢))]
+R(P —u(e) +1, p’(P](e))V([O’(pl(e)])
—R(p—u(e)+1,p+1,e)r([0,¢]).

REMARK. If we divide the last equality by ¢ we obtain an approximation of a
differential equation for which the limit function F(g,, z) = lim,_,, F.(g,, z/€) is a
solution.

PROOF OF LEMMA 5. Let € < a,. It is obvious that

(T7'([0, e\ [0, €]) = ([0, e]) — »(&,([0, €])).
Therefore, since T preserves »,
(13) y(T'([0, eD\T ([0, €]) = »(T~(T~'([0, e])\ [0, €]))
= v([O, 6]) - l/(q)l([O, E]))
By the definition of u(¢), for 1 < i < u(e), we have
(T-([0, eD\T ([0, e])) N[0, ¢] = &
and, consequently,
(14) (T727'([0,e)) N T=7([0,¢])) N T~/([0,¢]) = 2
whenever p — j < u(e) — 1. Equalities (13) and (14) for p — k < u(¢) — 1 give us
(15) v(A(k, p+ 1,e)\A(k, p, ¢)) = »([0, ¢]) = »(9,([0, ¢])).
It is easy to see that, for i < u(e),
[0, e] N T7([0, e]) = ¢ ([0, €]).
Therefore, for p — i < u(e) — 1, we have
(16) T([0,€]) N T=27'([0, e]) = T7/([0, e]) N T~7~"*'([0, €])
= T~'(pf "' 7([0, &])).

Moreover, since

m

T/ (of*'([0,€])) = ,a=1<Pi,.,,4.,-,(¢>f’““f([0, el))

L ERREN

we have, fori > j,

(17) T(of " ([0, e])) © T~/ (9 *'/([0, €]))-

From (16) and (17), for p — k < u(e) — 1, we obtain

(18) A(k, p,e) N T77([0, ¢]) = T7(9,([0, €])).
It is easy to verify that

(19)

»(AUBUC)-»(AUB)=v((BUC)\B)-»(ANC)+»(ANBNC).
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Thus, setting 4 = A0, p —u(e) + 1,¢), B=A(p —u(e) +2,p,e) and C=
T-77Y([0, €]), from (15), (18) and (19) we have
(A0, p + 1,¢€)) — (4(0, p, ¢))
= V(A(p - u(e) +2, pt+1 8)\A(p - “(8) +2, P 8))
 —»(4(0, p — u(e) + 1,&) n T271([0, ¢]))
+2(A4(0, p—u(e)+ 1, e)NA(p —u(e) +2, p,e) N T77'([0, €]))

= »([0, e]) = »(9:([0, €])) — »(A(0, p — u(e) + 1, ¢))»([0, €])
—R(p—u(e)+1,p+ 1,€)r([0, €])
+2(A(0, p — u(e) + 1, €))v(9, ([0, ¢]))
+R(p —u(e) + 1, p, 9,(e))r([0, 9, (e)]).
This gives us the thesis of the lemma.

A sequence of functions { f,}>° |, f,: [a, b] = R, is said to be quasi-equicontinuous
on [a, b] if for every n > O there exist n, and § > 0 such that

£ (x) = fu(¥)[ <
whenever |x — y| < 8, x, y € [a, b],and n > n,,
We shall need the following generalization of the Arzela Theorem.

THEOREM (ARZELA). If a sequence { f,)x_,, f,: [a, b] = R, is uniformly bounded on
[a, b] and quasi-continuous on [a, b), then:

(i) {f,)>= contains a uniformly convergent subsequence { f,,j}.

(i) lim; , . f, is a continuous function.

The proof of this theorem is identical with that of the well-known Arzela
Theorem.
The following two lemmas are easy to verify.

LEMMA 6. Let {f,)>_, be a sequence of piecewise linear and continuous functions
from [a, b] into R. If f, is uniformly convergent to a function f and the sequences
(fusdw=y and {f, )., of the right and the left derivatives of the functions f, are
uniformly convergent to a continuous function f, then f has the continuous derivative and

f= lm f;,= lim f;_=f".
n—oo n—oo

LEMMA 7. Let us consider a family of functions{ f,}.e (o.1) such that f,: [0, o) — [0,1].

If there exists a function f such that for any sequence €, — 0 and any a > 0 there exists

a subsequence ¢, of e, such that f, — funiformly on [0, a), then there exists lim_, f,
and, for any a > 0, f, converges umformly on [0, a].

Now, we prove Theorem 1 in the case where f = g,.

LemMa 8. If T satisfies conditions (1)—(iii), then for z > 0
lin(l)FE(g,,, z/e)=1—e%,
£

where o = g,(0X(1 — ¢1(0)).
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PROOF. Put F,(z/¢) = F,(g,, z/€). According to the Remark which follows the
statement of Theorem 1, F,(z/¢) is given by the formula

Fz/e) =3 U T7(0.e])] = #(4(0.[/2). ),

ogsn<: /E
where [¢t] = max{n < t,n € N). By this, for z, > z,, we have
[21/¢€]
|F(z21/¢) = F(zy/¢)| < v(A([zp/e) [z /el €)) < X »(T7"([0,€]))
n=[z,/¢]
= »([0, e])([z, /2] = [z2/¢]) < (21 = 2, + #)c,

where ¢ is given by (1). Therefore, for any sequence e, converging to zero the
sequence of functions F, (z/¢,) is quasi-equicontinuous on [0, o0) . Hence, from
F,(z/¢,) < 1, by the Arzela Theorem it follows that for any ¢, — 0 and any a > 0
there exists a subsequence ¢, such that F, (z /€, ) is uniformly convergent on [0, a].
Now, let us assume that F, (z/e ) is umformly convergent on [0, a] as n - oo for
some sequence ¢, — 0 and some a > 0. Denote by G,(z) (n = 1,2,...) the piece-
wise linear and continuous function with vertices at the points ([z /s,,]s,,, F, (z/¢,)).
It is obvious that the function G,(z) is an approximation of the piecewise constant
function F, (z/¢,) and, moreover,

|G,(2) = F,(2/e,)| <|E.((z + &,)/e,) = F(z/¢,)| < #([0, ¢,]) < e
Consequently, the sequence G,(z) is uniformly convergent on [0, a] to the same
function as F, (z/¢,).

By definition of G,,(z) the right and the left derivative of G, are given by formulas
Gy (z)=— '

€

n

r(4(0,[z/e,] + 1,¢,) = »(A4(0,[2/2,], &)

€,

whenever z € [ke,, (k + 1)e,) N[0,al,k =0,1,..., and
F;"((Z + 8n)/en) - F;”(Z/E")

€,

r(4(0,[z/¢,] + 1. ¢,)) = »(4(0,[2/¢,]. &)

8'1

G, (2)

whenever z € (ke,, (k + 1)e,] N [0, a]. Therefore, by Lemma 5, for any a € (0, a]
and for any sufficiently large n, we have

20) 6. (z)= L0a)) (@0 ])]

€

n

X [1 - V(A(O’[Z/En] - u(e,,) + 1* 8"))]
+R([z/€n] - u(sn) + 1’[2/8'11* q)l(sn))y([o (pl( )])s_ll
—R([Z/(:‘"] - u(e,,) + ],[Z/E,,] +1, 811)"([0* 8:1])8'-1
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Since g, is continuous, we have

(21)

lim V([O’ 6n]) - V((P]([O, 8n])) = lim V([O’ en]) _ V((pl([o’ en]))(pl(en)

n— 00 €, n—o0 €, q)l(en)sn

g,(0) — &,(0)¢,(0).

Moreover, since ¢4*(a,) >
v(A4(0,[2/¢,], ¢ )) —v(A4(0,[z/¢,] —ule,) + 1, ¢,))
< v(A([z/¢,) —u(e,), [2/¢,), €,)) < u(e,)r([0, ¢,])
< cu(e,)p([0, &,]) < cu(e, ([0, ¢ (a))])

< cu(e,)(max @;) " < cu(e,) sy

and, consequently,
(22)
lim (1-v(4(0,[2/2,] ~u(e,) + 1.e,))) = lim (1-»(4(0,[2/¢,].¢,)))
=1- lim F,(z/¢,) =1 - F(z),

n—>oxc

where F(z) = lim,_, F, (z/¢,). From (20)-(22) and Lemma 4 it follows that, for
z €(0, a), there exists lim,,_, , G, ,(z) and

lim G/, (z) =a(1 — F(2)).

Moreover, since F(0) = lim,_, , F, (0/¢,) = lim,_, . »([0, ¢,]) = 0 and
1 —
6 (0= I0e]uT ([2, 1) = w10, )
- V([O’ En]) - V([0$ (Pl([o’ sn]))

e”

by (21), there exists lim,,_, . G, ,(0) and
lim Gy, (z) = o(1 - F(z))

n—>oc

also at z = 0. Similarly, we may show that, for z € (0, a], there exists lim G/ (z) and
lim G, _(z) =0o(1 — F(z)).

n—oC

Consequently, by Lemma 6, for z € [0, a], we have
F'(z) =0o(1 - F(2)).
Therefore, since F(0) = 0, for z € [0, a] the function F(z) is given by the formula
F(z)=1-¢".

Hence, by Lemma 7, we obtain the thesis of the lemma.
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PROOF OF THEOREM 1. For any nonnegative f € L' such that || f|| = 1, we have

|F.(f,2/¢) = F8,, 2/¢)| =|p(4(0,[2/¢], €)) — »(A(0,[z/¢], ¢))]
/ fau- [ g, du]
A(0,[z/€], €) A(0,[z/¢], €)

/ fap— [ - fdu‘
A(0,[z/€], €) A(q,[z/¢€), €)

<

+ g, dv

J - |
A(q.[2/e), ) A(q.(z/e))

+

f g, dp — f g du’
A(q,[z/¢), €) A(0,[z/€], &)

f fdp +
A0, q,¢)

Since P§f is convergent in L'-norm to g, (see [4]), from the last inequality with
q = [In[z/¢]] and from Lemma 8 we obtain the thesis of Theorem 1.

N

(Pif —g,) dp

+ —/,4( g, du.

L(Ov[Z/E]_qve) O’ q, S)

4. Final remarks. Let 4, C [0,1] be an interval with p(4,)=e Put §,(x)
= min{n: T"(x) € 4,) and F(f, z/€) = p,{(x: §,(x) < z/e), where fE L', f> 0
and || f|| = 1. Then, under additional assumptions about the family of sets 4,, we
may prove the theorem similar to Theorem 1; that is, there exists ¢ > 0 such that

lin;n)Fs(f, z/e)=1—¢e%,
s—’

This is true, for example, if there exists x,, such that x,, is the left end point of any
interval 4, and there exists k such that T*(x,) = x,.

We may state a similar theorem for expanding mappings 7: M - M of a
connected C*-manifold into itself. The proof of such a theorem is similar to the
proof of Theorem 1, but presents more technical difficulties.
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